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1. Introduction

The idea of supersymmetry plays an important role in physics. Since its invention [[]—[i]
a great experimental effort is undertaken to find supersymmetric particles in nature. The
reason for this lies in the fact that supersymmetry could provide appealing solutions to out-
standing problems in theoretical physics such as the so-called hierarchy problem. Further-
more, there are indications that supersymmetry can help in eliminating many of the diver-
gences of certain quantum field theories. If supersymmetry becomes a local gauge symmetry
it leads to supergravity, which is not as divergent as ordinary gravity [§, fl]. Finally, the
much-discussed superstring theories propose the existence of space-time supersymmetry.
Let us recall that supersymmetry extends the symmetry algebra of space-time by
adding supersymmetry generators. In the last two decades, however, a much more ambi-
tious attempt to modify space-time symmetries has arisen. It is based on noncommutative



geometry [[[0-RJ] and tries to modify the whole space-time symmetry by deforming it in
a consistent manner. There is a great hope that such an approach yields a discretization
of space-time [P4—R9 which, in turn, implies an effective method for regularizing quantum
field theories [B(].

In our previous work [B]]—B7] attention was concentrated on space-time structures that
arise from g¢-deformation [] More concretely, we are interested in ¢-deformed quantum
spaces that could prove useful in physical applications. For this reason we deal with the
three- and four-dimensional g-deformed Euclidean space and the g-deformed Minkowski
space [B9-[1]. The symmetries of these quantum spaces are described by the Drinfeld-
Jimbo algebras U, (su(2)) and U,(so(4)) B3 f4] and the g-deformed Lorentz algebra [i5].
Finally, we can combine these symmetry algebras with their quantum spaces and obtain
g-analogs of the three- and four-dimensional Euclidean algebra and the Poincaré alge-
bra (16, {7

It is an obvious thing to try to combine the ideas of supersymmetry with those of
deforming space-time symmetries (see, for example, refs. [i§-p7]) and the aim of this
article is to go the last step that makes the g-deformed Poincaré algebra and the g-deformed
FEuclidean algebras in three and four dimensions into superalgebras. To reach this goal we
introduce supersymmetry generators with spinor indices and make suitable ansaetze for
their commutation relations with the generators of the ¢-deformed Euclidean algebras and
the g-deformed Poincaré algebra. From consistency arguments we get a system of equations
for the unknown coefficients of our ansaetze. Solving this system by a computer algebra
system like Mathematica [bg] we found that the relations of the three- and four-dimensional
g-deformed Euclidean superalgebra are uniquely determined and the same holds for the ¢-
deformed Poincaré superalgebra.

To write down our superalgebras in a rather compact form it is helpful to recognize
adjoint actions as g-analogs of classical commutators. Using generators with definite trans-
formation properties, these g-commutators can often be expressed by g¢-deformed Pauli
matrices and their relatives. Last but not least, it should be mentioned that in some sense
the present article continues the reasonings of ref. [6(], where we adapted many general
ideas about g-deformed quantum algebras to our framework of conventions and notations.

Throughout the paper it is understood that A=¢ — ¢! and A = ¢+ ¢~ L.

2. Symmetry algebras for three-dimensional g-deformed Euclidean space

In this section we first give a short review of the Hopf algebra U, (su(2)). Then, we combine
this algebra with that of three-dimensional g-deformed momentum space and obtain a g-
analog of the three-dimensional Euclidean algebra. These considerations culminate in the
derivation of the three-dimensional g-deformed Euclidean superalgebra.

2.1 The Hopf algebra U,(su(2))

The symmetry of g-deformed Euclidean space in three dimensions is described by the
quantum algebra U,(su(2)) [, 61 -Bd). In this manner U,(su(2)) can be viewed as g-analog



of the algebra of three-dimensional angular momentum. It is spanned by the generators
L+, L=, L3 and 73 subject to the relations

L:|:7_3 _ qi47'3L:t, L37'3 _ 7'3L3,
L LT —ILTL = (7_3)71/21/3’
LEI3 — 3L = qilLi(TB)fl/Q. (21)

In the classical limit ¢ — 1 we regain the Lie algebra SU(2) from the relations in (R.1).
This can easily be seen if we recognize that 73 tends to 1 for ¢ — 1. Thus, L*, L3, and
L~ play the role of the components of g-deformed angular momentum in three dimensions.
Their coproducts, antipodes, and counits are found to be

AL =L* @ ()2 +10 L,
A(L3) — 13 ® (7_3)71/2 + (7_3)1/2 ® L3,

A2 (T LT @ LY 4 gLt @ L), (2.2)
S(L*) = — L(7%)'/2,
S(L?) = (P)V2(PLYL™ — ¢ 2L L), (2.3)
e(LYy=0, Ae{+3, -} (2.4)

In terms of the generators of ¢-deformed angular momentum, the Casimir operator of
U,(su(2)) takes on the rather intuitive form [p(]

L?=gap LALP = —qLT L™+ L3L3 — ¢ 'L LT, (2.5)

where gap denotes the quantum metric of three-dimensional ¢g-deformed Euclidean space.
Notice that repeated indices are to be summed over if not stated otherwise. The Casimir
property of L? can be shown most easily by making use of the relations (B3).

It should also be noted that the components of three-dimensional angular momen-
tum give rise to a quantum Lie algebra. To this end we introduce g-analogs of classical

commutators. These so-called g-commutators are determined by the Hopf structure of

Uy(su(2)) (B0, B4 -67):
(L4, L7, = L) LPS(L{y) = STH (LG LALE, (2.6)

where we have written the coproduct in Sweedler notation. It is now straightforward to
check that the relations in (B.I]) are equivalent to (see, for example ref. [60])):

(L4, L7, = ¢?e*Cgep L7, (2.7)

where £2B€ denotes the three-dimensional g-deformed epsilon tensor (its non-vanishing
components are listed in the appendix).

The components LT, L3, and L~ transform under U,(su(2)) as a vector. Using the
three-dimensional g-deformed epsilon tensor we are able to assign the components of an-
gular momentum an antisymmetric tensor M4B bd]:

MAB =k €ABCQCD LY, k eR. (2.8)



More explicitly, we have as independent generators

M+3 - _qu_1L+7 MS_ == _qu_lL_a
MY = —kiq 213, (2.9)

with the additional conditions

Mt =-M"" M3 =AM+
M =M"=0 M* = —¢T2 M3+, (2.10)

We regain the components of three-dimensional angular momentum through
LP = K} gPCepac MAB, K € R, (2.11)
being tantamount to

Lt =—kq (@ +q )M,
L3 = —kq ¢ +q )M,
L™ = kg 3(¢®+ ¢ )M, (2.12)

where our choice of conventions requires that
kikh = q* (¢ +q7%) 7" (2.13)
Using the generators in (R.§) the Casimir in (R.5) reads as
L? = (k)% 4(¢* + ¢72) gap gpc MPB MP. (2.14)
In the same manner, the relations for the quantum Lie algebra of U,(su(2)) turn into

(¢ +q‘2)(

pAB__(p \CD__ FG )/ EH 9 15
pE—— A) U ER(Pa) " anyg ; (2.15)

[MAS, MP], = (k)

where P4 stands for the antisymmetrizer of three-dimensional ¢-deformed Euclidean
space [[H]]. More explicitly,

[M+3,M+7]q — _QQ[MJF*’M*?’]q = k) 'E(P+ )M,

(M M) = =M M = (k)N (@ ) T M

(M M = =@M M = (M) e ) T
[M+_,M+_]q — ()R + g IAM (2.16)

Notice that in analogy to (R.6) we have

[MAB, MOP], = MAPMOPS(MG) = STHMEY)MAPMEY. (2.17)



2.2 The three-dimensional ¢-deformed Euclidean algebra

Next, we wish to combine the algebra of three-dimensional angular momentum with the
algebra of g-deformed momentum space. This way, we arrive at a g-analog of the three-
dimensional g-deformed Euclidean algebra. First of all, let us recall the commutation
relations for the three-dimensional momentum generators P4, A € {+,3, —}:

(P4)ABop PEPP = 0. (2.18)
The above condition implies as independent relations
P3Pt —¢*?2pEp3 =0, P PT—PtPT =\P3P3 (2.19)

It remains to specify the commutation relations between the generators of Ug(su(2))
and the momentum algebra. To this end, we first have to realize that the momentum
generators establish a vector representation of U,(su(2)). The point now is that we can
combine a Hopf algebra H with its representation space A to form a so-called left-cross

product algebra A x H [5]-[J] built on A ® H with product
(a@h)(b®@g)=alhqy>b)@hwyg, abeA hgeH. (2.20)

The last identity tells us that the commutation relations between symmetry generators and
representation space elements are completely determined by coproduct and action of the
Hopf algebra H, since we have

h=(1h)(b®1)= (h(l) >b)® h(g). (2.21)

Applying these ideas to Uy(su(2)) and the three-dimensional g-deformed momentum

algebra we obtain the relations
LTp* — prL* =,
LE*PT — PTLE = £P3(73),
L:I:P?) _ P3L:|: _ :qul:lpzl:(,r3),
L3Pi o q$2PiL3 — iq$1)\P3Li + q$lpi(7_3)7
L3P3 — P3L3 = \(P"LT — PTL™) — AP3(13). (2.22)
By means of the g-commutator

(L4, PP, = LA PP = L)) PPS(L{y), (2.23)

which is nothing other than the adjoint action of L4 on PP, the relations in (B-29) can be
written more compactly:

(L4, PB]q = ¢2e*BCyqp PP, (2.24)
Using (R.11) one can verify that
[MAB PO = (k)" q* (Pa) B prerg” O PP (2.25)



Last but not least, we would like to give the Casimir operators of the three-dimensional
g-deformed Euclidean algebra. With the commutation relations presented so far one can

verify that the operators
Cy = gap P PP, Cy = gap L' PP (2.26)
commute with all generators of U,(su(2)) and the momentum algebra.

2.3 Symmetry algebra in spinor notation

In ref. [f9] we discussed g-analogs of Pauli matrices that enable us to construct a vector
out of two spinors. On these grounds, we can use ¢g-deformed Pauli matrices to switch from
the vectorial generators L4 to operators M*? with two spinor indices:

M =k (o 1)*P LA, K e R. (2.27)
From the completeness relation
(0N ap(o5h)* = o4, (2.28)

we get, at once,
LA =ky (0M)ag MP, k€ R (2.29)

with kokl, = 1. Explicitly, we have
MY = kgL M2 = kg L,
M2 =, q*1/2>\;1/2L3, M2 =) q’3/2)\;1/2L3, (2.30)
and
LT = kygM?, L™ =kygM™,

L3 = ky qA;1/2(q1/2M12 + q*1/2M21)
= kyq 2N 012, (2.31)

The matrix entries of the Pauli matrices o4 and 021 can be looked up in appendix
or ref. [59). Tt should also be mentioned that the so-called ’inverse’ Pauli matrices o '
should not be confused with matrices being inverse in the sense of matrix multiplication
(for the details see again appendix [§ or ref. []]). Especially, we have the identification

(UZI)GB = q_Q(UA)Oéﬁa A= {"’a 3, _}' (232)

We can also start our considerations from the generators M*B introduced in (B.§).
They are related to the generators M®? by the formulae

M = K (o3 5)PMAB MAB = k3 (6"B) s MF, (2.33)



A

where B and O'K]IB denote the two-dimensional spin matrices of three-dimensional g¢-

deformed Euclidean space. For their explicit form we refer the reader again to appendix

or ref. [B9]. Written out explicitly, the relations in (2.33) become

MY =~k q (¢t + 1AM M = Ky q 5 (¢" + DA M,
MY = gM? = k¢ P (¢* + DATIM T, (2.34)
and
M*S =y *A M2, M~ = ks g® A, 2MM,
M= =AM = kg 32 M2 (2.35)
The two-dimensional spin matrices are subject to the completeness relation
(0*P)aplocp)™ = —a72(g* + DAL (Pa)*Pep. (2.36)
This relation implies
ksky = —¢*(¢* + 1) Aq, (2.37)

as can be proven by inserting the two equations of (R.33) into each other. Finally, it
should be mentioned that the relations in (.33) are consistent with (P.§) and (2.11) iff the
following condition is satisfied:

kiky = —PA7 " ks, (2.38)

Last but not least, we use the generators M*? with two spinor indices to write the
quantum Lie algebra and the Casimir operator of U, (su(2)) in an alternative form. Clearly,
the g-commutators between the M®? are defined in complete analogy to (R.17). Using the
correspondence between the M*? and the vectorial generators L” one can show that

[M12,M12]q _ _k51 q—l/z)\)\J—rl/2M127
[MH,MIQ]q _ —q*2[M12,M11]q = Jy ! q*3/2)\;1/2M11,
1 —3/2,1/2
[MH,MQZ]q _ _[MQQ’Mll]q —kylyq 3/2)\+/ M2,
(M2, M), = —q2[M?, M), = byt g AP M, (2.39)

and the remaining g-commutators all vanish. Inserting (2.31)) in (B.5) we find the following
expression for the Casimir operator of Uj(su(2)):

C = —k3(*MM?? + gM*2 MY — gr, M2 M), (2.40)
The g-commutators in (.39) and the Casimir in (R.40) can be written in a closed form
by using the g-deformed spinor metric €,4 and the symmetric projector S corresponding

to the R-matrix of Uy(su(2)) [cf. eq. (2:44) in the subsequent subsection]. In this manner,
we have

[]wozﬁ7 M’y&]q _ _kal q—l)\i/QSaﬁﬁ/a/S'yééw/ EO/(S/Mﬁ/,y/’
C = —k}eapeary MM (2.41)
where the two-dimensional symmetrizer S can be expressed by the R-matrix for U, (su(2)):

S=q¢ "N+ AR (2.42)



2.4 The three-dimensional ¢-deformed Euclidean superalgebra

In the previous sections we considered the ¢-deformed Euclidean algebra in three dimen-
sions. This algebra is a cross product of U,(su(2)) and three-dimensional g-deformed Eu-
clidean space. In this sense, it is spanned by the generators of U, (su(2)) and the components
of three-dimensional g-deformed momentum.

For implementing supersymmetry on g-deformed Euclidean space in three dimensions,
one has to extend its Euclidean algebra to a ¢-deformed Euclidean superalgebra. To de-
scribe a g-deformed version of N = 1 supersymmetry we have to add supersymmetry gen-
erators Q% and Q% with spinor indices. It is now our task to determine the commutation
relations concerning the new generators.

We assume that Q! together with Q? generate an antisymmetrized quantum plane and
the same should hold for Q' and Q?:

QQ* = Q“Q™ =0, a=12
Q0 = Q%" Q0" = 'Q°Q" (243)
Using the R-matrix of Uy (su(2)),
g 000
Ry, = 8 i‘ (1) 8 : (2.44)
000gq

the commutation relations (R.43) can be written more compactly as
QQ° = —qh*wpQ* Q"
0°Q% = —qR0 50" Q. (2.45)
If we introduce a g-deformed anticommutator for spinor operators by
{62,6°), = 0°0° + kR 15 667, (2.46)
the relations in (R.45) become
{Q, Qﬁ}q ={Q%, Qﬁ}q =0. (2.47)

It is obvious that Q% as well as Q% establish spin-1/2 representations of U,(su(2)).
This observation fixes the commutation relations of the supersymmetry generators with
the generators of Uy, (su(2)). As it was shown in ref. [60] the spinor operators Q@ and Q%
then have to fulfill

Z14y—1/2
24,Q%, = —a~ AT (01",
_ 1 _1/9 _
L4,Q%), = —a "N 20007, (2.48)
where the g-commutator is a kind of shorthand notation for the adjoint action, i.e.

(L4, V], = LLVS(LEy). (2.49)



Notice that in (R:4§) we used the g-deformed Pauli matrices o4 given in ref. [B9]. If we
instead work with the generators (2.9) or (R.30) we respectively have

[MAB Q%) = ()7 (d® +¢72) 7L Q% (0™B) 57, (2.50)
and

[Ma,@’ Q’Y]q — _k2—1q71>\;1/25a,@a,5, eﬁ/’YQa/,
(MO, Q)y = —ky g A28 4 P Q (2.51)

It remains to find the commutation relations between Q and Q. In addition to this,
we have to specify how the momentum components P# commute with the supersymmetry
generators. To this end, one can make reasonable ansaetze for the wanted commutation
relations. First of all, they are restricted by the requirement that the commutation relations
have to be covariant with respect to the action of Uy(su(2)). Moreover, the commutation
relations should define an ideal of the algebra generated by Q%, Q®, P4, and the generators
of Uy(su(2)). In other words, multiplying a relation by a generator and commuting this
generator to the other side of the relation must not change the relation. This kind of
consistency condition completely determines the commutation relations between the Q¢,
Q, and P4.

This way, we found for the commutation relations between Q® and Q¢ that

OO + Q1O = q1/2>&r/2cpf,
Q'Q*+¢'Q°Q" = —¢AQ'Q* +qc P,
QQ'+47'Q'Q* =P,
Q*Q*+Q*Q* = ¢!\ *cP, (2.52)

where the constant ¢ remains undetermined. We are free to choose ¢ = 1. The commutation

relations between P4 and Q¢ take the form

PHQl = ¢ 20Q' P+,
PfQ*=Q°P",

P3Q' = ¢ Q' P?,

P3Q% = ¢ 1Q2P3 + q73/2)\>\i/2Q1P+’

P Q'=Q'F",

PmQ> = q Q%P + ¢ ¥2\PQ P, (2.53)



Likewise, we have

P Q'=Q'P,

P=Q* = ¢?Q°P,

P3O = ¢Q'P3 — q3/2)\>\i/2Q2P7,

PQ? = qQ*P",

PQ = Q' Pt — ¢ *Q* P,

PTQ* = Q*PT. (2.54)

Again, the relations in (R.52)—(R.54) can be written more compactly by means of g-
commutators and g-anticommutators. In the case of (2.53), for example, one checks that

{Q%,Q%) 1 = Q°Q° + ¢ R 0y Q¥ Q7 = ¢\ (031 PA. (2.55)
To find an analogous form for the relations in (-53) and (2:54) we define (cf. ref. [67))
[PY V], = PYVS(Py), [PV = PgVS(Pg). (2.56)

The calculation of these g-commutators requires to know the Hopf structures for the mo-
mentum algebra. The corresponding coproducts, antipodes, and counits on the momentum
generators read as

(PY) =Pt @ Ph =P @1+ L4 PP
(PA) = P ® Poy=P@1+ L% o PP,
S(PA):—S(EA ) PB,
S(P4) = —=S(£4p) PP,
(P7)

e(PYy =&pPt =o0. (2.57)

Notice that £ and L respectively stand for the L-matrix and its conjugate. Their explicit
form can be found in refs. [BH, B3]. It should also be mentioned that these L-matrices
realize the generators of the quantum group SU,(2) within the algebra U,(su(2)). On these

grounds, they depend on generators of U, (su(2)) and a unitary scaling operator A subject to
AQ* =¢°Q%A,  AQ¥=¢*Q A (2.58)

Let us now collect all relations of the three-dimensional g-deformed FEuclidean

,10,



superalgebra:
(L4, LP], = ¢***Cgop LY,
[LA’PB] — P2MBCyn PP
(P2)*Bap PCPP =0,
L4, Q, = a7 P (0h)°Q°,
14,Q%, = —a~ N (0%)57Q”,

[PA Q%g = [P4,Q%, =0,
{Q*.Q%, =0, {Q*.Q%, =0,
{Q“,Qﬁ}qﬂ — q3/2)\i/2(0_;11)a6PA‘ (2.59)

We would like to end this section with some remarks about this algebra. First of all,
the reader should be aware of the fact that U,(su(2)) cannot be generated by LT, L3, and
L~ alone. For this reason we have to add the grouplike operator 72 and take attention of
its commutation relations with the generators Q®, Q%, and P*:

7_3P:|: _ q:F4P:|:’7'3, ’7'3P3 _ P3’7'3,
7_?)Ql — q2Q17'3, 7_3Q2 — q72Q2T3’
7_3@1 _ QQQlTS, 7_3@2 _ q_QQQT?’. (260)

In the form of (R.59) the g-deformed superalgebra is strongly reminiscent of its clas-
sical counterpart, to which it tends if ¢ — 1. Notice that in the undeformed limit the
g-commutators and g-anticommutators then pass into ordinary commutators and anticom-
mutators, respectively.

It should also be mentioned that the algebra in (R.59) is compatible with the conjuga-
tion assignment

LA = gaplL?, =73 PA = gppP?,
Q% = —£45Q", Qv = a5 Q°. (2.61)

Indeed, one can check that conjugating the relations of our superalgebra and applying (R.61)
does not change the relations in (.59). In this sense, the three-dimensional g-deformed
Fuclidean superalgebra is real.

3. Symmetry algebras for four-dimensional g-deformed Euclidean space

The considerations for the three-dimensional g-deformed Euclidean space carry over to the
four-dimensional one. For this reason, we restrict ourselves to stating the results, only.

3.1 The four-dimensional ¢g-deformed Euclidean algebra

The symmetry of four-dimensional g-deformed Euclidean space is described by the quantum
algebra U,(so(4)). This algebra can be viewed as tensor product of two commuting copies
of Uy(su(2)), i.e.

Uqg(so(4)) = Uy(su(2)) ® Ug(su(2)). (3.1)

— 11 —



The two sets of Uj(su(2))-generators are denoted by Lii, K;, i =1,2. Thus, the commuta-
tion relations between generators with the same lower index read (cf. ref. [6g])

¢ 'LIL; —qLy Ly = \"'(1 - K;?), (3.2)

(2

LfK,; = ¢7°K;LF, i=1,2,

whereas generators with different lower indices always commute.

The generators of Uj(so(4)) are related to the components L*, p,v = 1,...,4, of an
antisymmetric tensor operator (see, for example, ref. [6g]). In ref. [60] we saw that the L*
give rise to a quantum Lie algebra of Uq(so(4)j. The explicit form of the corresponding
g-commutators can just as well be found in the work of ref. [0]. Here, we only give the
general expression

(L, LP7], = =g AL (PA)" v (Pa)? o g P LV (3.3)

where P4 and g, respectively stand for an antisymmetrizer and the quantum metric
related to Uy(so(4)).
The quantum algebra U, (so(4)) has two Casimir operators. They are

C1 = GuwGpoe LML
= 2LBL% 1 A (L1203 4 L1312
4 q2A+(L24L13 4 L34L12) 4 (qz 4 q—z)L14L14
_ )\(L14L23 + L23L14), (34)
and
Cy = epppe LM L7
_ qQA%r(LMLZS i L23L14) i qz)\i(LwLM _ L13L24)

+ q4)\i(L34L12 _LAHL13) q2)\)\iL14L14, (3.5)
where €,,,,0 denotes the totally antisymmetric tensor of four-dimensional g-deformed Eu-
clidean space.

The Euclidean algebra of four-dimensional g¢-deformed Euclidean space is again a

cross product of the quantum algebra Uj(so(4)) and the momentum algebra subject to
the relations

PlpH = ¢qPrP!, Prpt = qpPrpt w=2,3,
P2p% = p3p?, P'P! = P'P* 4 \P2P3. (3.6)

For the sake of completeness let us note that the above relations can alternatively be formu-
lated by means of the antisymmetrizer P4 of four-dimensional g-deformed Euclidean space:

(P4)" s PF P” =0, (3.7)

The momentum components P*, p = 1,....4, transform under U,(so(4)) as a vec-

tor operator. The commutation relations between the components of the antisymmetric

- 12 —



tensor operator L*¥ and the momentum components P* were presented in ref. [50]. The

corresponding g-commutators take the general form
(L, PP), = —q A (Pa) sy 677 P (3.8)

The four-dimensional ¢-deformed Euclidean algebra has two Casimir operators. It
should be clear that one Casimir is given by the momentum square

m? = g,, P*P". (3.9)

To get the second Casimir operator we are looking for a right-vector operator whose com-
ponents WH, 1 =1,...,4, commute with momenta. Making suitable ansaetze for the W*#,
u=1,....,4 within the Euclidean algebra we are finally led to
W= o\ (KPR - kYRR P
+ 2 NKIPR;VPPLT — KT VPKRYPPL),
W2 = o\ YK - kYRS V) PR
+ 2KPKYPP LY + 2 ' KPRV PAL;
+ KK PPLy LT,
W3 = oA YK PR - kYRR VPR
— 2K PKYPPLE — 2 KPR PALT
— AKIPRYAPALT LY,
W = on V(K YAKRY? - KPRV P
+ 2q(K PRV — KYPRSYVAPILY). (3.10)

Notice that in the undeformed limit these components pass into the classical expressions
WH = el?P9 P, L,,. From the W# we can build a non-trivial Casimir operator via

W2 = g, WWH, (3.11)

This operator commutes with all elements of U,(so(4)), since it is defined as square of a
right-vector. The components W# commute with momenta, thus the same holds for W?2.
The explicit form of W? is given in appendix [J.
3.2 Symmetry algebra in spinor notation
It is sometimes helpful to introduce a new set of generators for U,(so(4)), replacing the
generators LM with vector indices by the generators M*? and M% with spinor indices:
-1 v
M = kl(aw)aﬁ L*,
M = ky(6,,0) 0 LM, (3.12)
L =Ky (0" )ap M7 + k5 (5) 4 M7, (3.13)
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where the constants have to satisfy the condition

kiky = kokh = A7 (3.14)

More explicitly, we have

MY = —kig" 22 L1, M? = kyq' P L*,

M2 = oM = qul/z(qLM _ L), (3.15)

i — —k2q1/2)\+L12, M2 k2q1/2)\+L34,

M2 = N2 = kyq V2L 4 kyg /202, (3.16)
and

L2 = _phg V201, L = _ghgml2p,

LY = kg~ V22 1 g Y2 M2,
L% = khq /2 M2 — kg3 012,
L% = K g 22, L3 = khg~ 202, (3.17)
The g-commutators of the quantum Lie algebra of U,(so(4)) in terms of M a8 and M4 are
given by
[Maﬁ, M’\/(S]q — (kll)—lq—l)\+ Saﬁﬁla/syé(;/,y/ EO/(S/Mﬁ/,y/’
(M M0, = (K5) "t A 597,
[MOP, 817, = [M%0, M%) =0, (3.18)

5 -/5/ ~ Al
S50 YO MO

0%

In spinor notation the two Casimirs of U, (so(4)) [cf. eqs. (B.4) and (B.§)] become
Cl = — k‘112)\+ 6a56a/51Ma/aMﬁ6/

— KAy eqpe sy MESNI (3.19)
CQ = kI12q2)\i €a5€a/6/Ma,aMﬁ6l
— kZg*\2 adﬁed,B,M‘j‘ PP (3.20)

These expressions are linked to the Casimir operators of the two U, (su(2))-subalgebras of
Ug(s0(4)):

C1+q 2100 = —2KP N ey e MY SN,

Cy — 2N C = 2K\ s enpeap MY O MPP . (3.21)
3.3 The four-dimensional ¢-deformed Euclidean superalgebra

In analogy to the three-dimensional case the four-dimensional g-deformed Euclidean super-
algebra is generated by the generators of Uj,(so(4)), the momentum P#, and the supersym-
metry generators Q%, Qd, a,& = 1, 2. Again, the supersymmetry generators carry spinor
indices. Thus, the Q% as well as the Q% span an antisymmetrized quantum plane, i.e.

QR Q™ = Q*Q% =0, a,d=1,2,
Q'Q* = —¢'Q*Q", Q'Q* = —¢1Q*Q". (3.22)
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Furthermore, the supersymmetry generators transform as spinor operators under
U,(so(4)). More concretely, they refer to the representations (1/2,0) and (0,1/2). On these
grounds, the g-commutators between the supersymmetry generators and the L*” become

L, Q% = —q (") Q7
(L, Q%Y = =47 (6" Q7 (3.23)

where o and 6" denote the two-dimensional spin matrices to four-dimensional ¢-
deformed Euclidean space (see appendix [B or ref. [59]). For the explicit form of the above
g-commutators we refer the reader to ref. [60). In spinor notation we have

[Maﬁ’ Q’Y]q — _kllfqul Saﬁa’ﬁ’ gﬁ/’YQa/,
[Mdﬁ'a Q’Y]q = _kéilq_l Sdﬁ'dlﬁ'/ 66/;)/@@/7
(M QY), = [M*?,Q7], = 0. (3.24)

Next, we come to the relations between the generators Q® and Q%. These relations

are covariant with respect to Uy(so(4)) if they take the form

0'Q' + Q'O = ¢P!,
0'Q? + Q*Q' = ¢P?,
O2Q' + Q'0? = ¢P?,
Q*Q* + Q°Q* = —cP", (3.25)

where ¢ again denotes an undetermined constant, which we can set equal to 1. With
the help of the Pauli matrices for g-deformed Euclidean space in four dimensions (see
appendix § and ref. [5d]) the above relations can be written as (c = 1)

{Q%, Q% = (5, P, (3.26)

Notice that the anticommutator in the last formula is the ordinary one.

Last but not least, we have to specify how the momentum operators commute with
the supersymmetry generators. Again, the commutation relations between momentum
operators and supersymmetry generators are uniquely determined by the requirement that
they have to be consistent with our previous relations. This way, we have

PIQ' = Q' P, P2Q? = Q*P?,
P3Q' = Q' P?, PYQ? = Q?PY,

P2Q' = ¢ Q' P2,

PYQ' = ¢ Q' P,

PlQ? = ¢ 'Q?P' + ¢ 'AQ' P2,

P3Q? = ¢ 'Q2P? — ¢ 1AQ' P4, (3.27)
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and

PO =
P3Q? =
PIO? =
P20? =

lel, P2Q1 — Q1P2,
Q2P3 P4Q2 — Q2P4
qQZPI
qQ*P?,

P3O = ¢0' P? — AO%P,
PO = ¢O' P + ¢\O%P2.

These relations can again be generated from g-commutators:

[PM7QG]Q =0,

[P*,Q%, = 0.

(3.28)

(3.29)

(3.30)

Notice that the two types of g-commutators are defined as in (.56), but now we have to use

the Hopf structures for the four-dimensional g-deformed Euclidean space (see ref. [Bg, B7]).

In this respect, it should be mentioned that these Hopf structures depend on a unitary

scaling operator with

AQ™ = qQ°A,

AQY = qQ“A.

(3.31)

Now, we have everything together to write down the g-deformed Euclidean superalge-

bra in four dimensions:

(LM, L7
[,

1,

Pr

]
Ja
Q]
]

v Ad) _ _—lizprvy A6
[LM7Q q q (Uu )5 Qa

= L (PA) " (PAY? o g7 1
= —q_l)\+ (PA)WV’p’ gplppy/,
o= 0 (0)5Q,

[PH’Qd]q =0,
{Q%,Q%}, =0,

(3.32)

For the sake of completeness we would like to write down how the symmetry generators

K; commute with the momenta and the supercharges

K, P'=¢'P'Ky,

K\ P? = qP’K,,
K\P? = ¢ 'P3K,,
K, P* = ¢P*K,,
KiQ' = qQ'Ky,

K2Q1 = q_lélKQ,

The remaining relations are trivial.

,16,

KoP' = 7P K,
KyP? = ¢ 1P?K,,

KyP? = gP3K,,
KyP* = gP'K>,
Ki1Q* = ¢ QK
K>Q* = qQ*Ko>.

(3.33)



It should be remarked that conjugating these relations and making use of the conju-
gation properties
L = gmﬂgw’Lylula PH = Gup!' Pula
@ = 5aa’Qa ) Qa = _Eaa/Qa ’ (3-34)

we obtain a second four-dimensional g-deformed Euclidean superalgebra, which differs from

the above one by the commutation relations between momentum generators and supergen-

erators, only. Instead of (B.27) and (B.29) we would have

PlQ! = Q' P, P2Q? = Q*P2,
P3Q! = Q' P3, PYQ? = Q*P*,
PLQ? = ¢Q%P?, P3Q? = qQ%P3,
P2Q1 _ qQ1P2 _ qAszl’
PAQ' = Q' P* + gAQ%P3. (3.35)
and
PO =P, P2Q' = Q' P2,
P3Q% = O*P3, PiO* = 2P,
P3Q' = ¢ 1O P3, PO = ¢ 1O P,
P1Q2 — q71Q2P1 4 qfl)\le?)’
P2Q* = ¢ 'Q?P% — ¢ '\Q' P (3.36)

In terms of g-commutators these relations become

[P, Q% =0, [P*Q%g=0. (3.37)

4. Symmetry algebras for g-deformed Minkowski space

In this section we apply our considerations to g-deformed Minkowski space leading us to a
g-analog of the Poincaré superalgebra. From a physical point of view this case is the most
interesting one.

4.1 The g-deformed Poincaré algebra

The g-deformed Poincaré algebra is a cross product of the g-deformed Lorentz algebra
and the momentum algebra of g-deformed Minkowski space. In our work we often use a
formulation of g-deformed Lorentz algebra as it was given in ref. [If]. In ref. [6(], however,
we considered as Lorentz generators the components of an antisymmetric tensor of second
rank. Its components V#, u, v € {0,+,—,3}, enable us to formulate the quantum Lie
algebra of g-deformed Lorentz algebra as follows:

VH V], = =a7 A (Pa)™ g (Pa)? ot PV (4.1)
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where 1, and P4 respectively stand for the quantum metric and an antisymmetrizer of ¢-
deformed Minkowski space. For the explicit form of these g-commutators we again refer to
ref. [5(]. From the same reference we know the two Casimirs of g-deformed Lorentz algebra:

Cl = UuynpaV“”V””, CQ = 6“VPJVMVVPU. (42)

The momentum algebra of g-deformed Minkowski space is spanned by the momentum
components P*, u € {0,+, —, 3}, subject to

PMPO:POPM7 /’LG{O7+7_73}7
P~ PT — PTP™ = \(P*P3 - P'P?). (4.3)
Let us recall that the P*, u € {0,+,—,3}, behave as a four-vector operator under g¢-
deformed Lorentz transformations. For this reason, the commutation relations between

generators of the g-deformed Lorentz algebra and the corresponding momentum compo-
nents take the form (see also ref. [5(])

VI PP, = =~ (Pa)™ PP (4.4)

The Casimir operators of g-deformed Poincaré algebra are found from the same reason-
ings already applied to the four-dimensional g-deformed Euclidean algebra. In this manner,
one Casimir is given by the momentum square

m? = g, P*PY, (4.5)
and the g-analog of the spin Casimir becomes [69, [0
W? = n, WFWY, (4.6)
where we have to take as components of the g-deformed Pauli-Lubanski-vector:
W+ =@\ lpt - q2)\*1P+(7’3)1/2(7'1)2 — AP (7'3)1/2(T2)2
o q9/2)\fr/2(73)1/2P3T271 + q5/2>\;1/2(P3 . PO)T+,
W3 =_ \1p3_ q—1/2)\i/2P—T202 _ q1/2)\i/2p+517_1
— QL PPT2ST — N TH(PR — PO (7)Y 2T
+ q—1/z>\11/2p— (r3y~L2pt - q1/2A11/2P+(7'3)_1/2T_
+ AT (@R = g PO ()2 4 (PP 4 g PO TR,
WO =—AT1PY 4 g INTH(PY — PR () TR
£ AT (P — P2 4 (7 P+ g P () )
+ q71/2>\;1/2pf (7-3)’1/2T+ _ q1/2)\11/2P+(7-3)’1/2T*,
W~ =g\ lp — q75/2>\:r1/2(P3 _ PO)T’ _ qAP+(73)’1/2(51)2
. q—1/2)\i/2P3(7_3)—1/25102 _ q—z)\—1p—(7_3)—1/2(02)2' (4.7)
Note that T+, T—, S*, T?, 7!, 0% denote generators of the g-deformed Lorentz algebra [[6].
For the explicit form of W? see appendix [d.
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4.2 Symmetry algebra in spinor notation

In this section we proceed in very much the same way as was done in section B.9 for the
four-dimensional g-deformed Euclidean algebra. First, we introduce Lorentz generators

with spinor indices
M = ky ()P VI,
M9 = k(a7 Ve, (4.8)
VI = B (0™ )ag MO + k() 5 M, (4.9)

where the two-dimensional spin matrices of g-deformed Minkowski space can be found in
ref. [59]. For the above identities to be consistent with each other we have to require that
the constants k;, ki, i = 1,2, fulfill

ikl = kaokhy = A} (4.10)

If we set ki = ko, the Lorentz generators M% and M &3 show the conjugation properties

MO‘B = Eaa’€ Mﬁ.,d, M‘j‘B = Eaa/Egﬁ/Mﬁ,al. (4.11)

e
More explicitly, we have
M — kl)\1+/2(v3— — v,
M2 = gM2\ = ky (¢~ V2V + 4 g/2130),
M? = g\ (g 2V 4 V), (4.12)
and
MY = kA 2(VO 4 g2V,
M2 = gN2Y = kg /2 (qV ™ — V30),
M = —kp\2(V 3 — 0y, (4.13)
Solving these equalities for the independent V#¥ yields
V= oA M - RN,
VO = ATV (R M2 + Ky M),
VI = PR MY M),
V30 = kg2 M2 4 320012,
V= oM - kN,
VO = AP g MY Ry MM, (4.14)
For the quantum Lie algebra in spinor notation we have
(M98, M), = = (k) S g S g e M
(M99 NP0, = — (k)L 899 5,,8705,., 4/ BT
[MOP, 817, = (M40, M%) =0, (4.15)
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In spinor notation the Casimirs of ¢g-deformed Lorentz algebra become

Cl = — kllz)\+ EapEa’p Mo/onﬁB’

— Ky Ny ey 5605 MM (4.16)
Co=—k2Bqg * +142¢7'\\) eapeary MM
+RRGBg 14207 W) e g MYSMPY. (4.17)

From these formulae we can read off the Casimirs of the two Uj(su(2))-subalgebras:

(B¢ +1+2¢" I MNATLC1+Cy = =2k B¢ 4 +142¢7 N capeay MY MO

(3¢~ 141420 INATIC) — Oy = —2kF(3q 1+ 14207 1N) e e MY MO (4.18)
4.3 The g-deformed Poincaré superalgebra

Now, we extend the g-deformed Poincaré algebra to the g-deformed Poincaré superalgebra.
To this end, we introduce the supersymmetry generators Q% and Q®. These generators
carry spinor indices, so they fulfill the well-known quantum plane relations:

QQ% = QYQ% =0, a,a=1,2, (4.19)
Q'Q* = —¢'Q*Q", Q'Q* = —¢'Q*Q".

Furthermore, they transform as spinor operators under g-deformed Lorentz transforma-
tions. This observation implies the g-commutators

V,Q%, = ¢ AT (™) Q7
[VH,Q%4, = ¢ " A (8") 4 Q7. (4.20)
Using Lorentz generators with spinor indices we alternatively have
[Maﬁ’ Q'y]q — _(kji)ilqil)‘llsaﬁa’ﬁ’ 6’6)/7@0{/,
N7, Q7] = (k) g AT 590, 990,
M2, QY = M9, Q7] = 0. (4.21)
Next, we turn to the relations between the two supergenerators Q% and Q. We found
Q'Q'+Q'Q =cq P,
0'Q® + ¢ 1Q%Q" = —¢~\N\Q'Q? + Cq—l/z)\jrlﬁ(Ps + q—zpo)’
020! + ¢ 1Q'Q? = —cq_?’/z)\f/Q(PO _ P3),
Q°Q* + Q*QF = cq 1P, (4.22)
or, for short,
{Q%.Q%} -1 = (@, )P, (4.23)

where the 5;1 denote Pauli matrices for g-deformed Minkowski space (see appendix [§ and
ref. [59]). The constant ¢ can be set equal to 1.
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The commutation relations between momentum generators and supergenerators read
P+Q1 — q—2Q1P+ P+Q2 = Q2P+
POQI — qleIPO POQ2 — qleQPO
P3Q1 — q—1Q1P3
P3Q? = ¢1Q%P3 + q*3/2)\)\1+/2Q1P+,

P Q' =Q'P,
PQ? = ¢ 2Q%P + ¢ ¥2\2Q P, (4.24)
and
POQI _ QQIPO, POQ2 _ QQ2PO,
P Q'=Q'P, P Q*=¢*Q'P,
P3Q' = ¢Q'P3 — q3/2>\>\1+/2Q2P’,
P3Q2 _ QQ2P3,
POl = 20 Pt — q3/2)\>\1+/2Q2P3,
PTQ* = Q*P™. (4.25)

Let us note that in very much the same way as was done in section .4 the above
commutation relations between momentum generators and supergenerators can again be
written in terms of g-commutators. To this end, the scaling operator appearing in the Hopf

structure of the momentum generators has to satisfy
AQ* =q72QA,  AQ* =¢ QA (4.26)

Now, we have everything together to write down the g-deformed Poincaré superalgebra:

[vwx”ﬂq——qlmen v (P o PV
Vi, PP, = <m>uwwﬁ
Vi, Q% = =" AT (™) Q”,
WWAW]—qlA o) Q7
(PA)WH/,/ pHpY — 0,
[P*,Q%, =0, [P*,Q%), =
{Q*.Q%), =0, {Q%.Q%}, =0,
{Q%.Q% 1 = (3, 1) P, (4.27)

This algebra is invariant under the conjugation

Pr =1, P, Q% = —,5Q”, Q% = eapQ",

Vi = ()80 VY (4.28)
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5. Conclusion

Let us end with some comments on what we have done so far. We considered the g-
deformed Poincaré algebra and the g-deformed Euclidean algebra in three and four di-
mensions. These algebras describe the symmetry of g-deformed Minkowski space and the
g-deformed Euclidean spaces in three and four dimensions. We extended these algebras
to superalgebras by adding two supersymmetry generators with spinor indices. Exploit-
ing consistency arguments we could determine all commutation relations concerning the
supersymmetry generators. Furthermore, we were able to write down our ¢-deformed su-
peralgebras in a way that reveals striking similarities to their undeformed counterparts. To
achieve this we introduced generators with definite transformation properties and defined
their adjoint actions as g-commutators.

Lastly, we would like to point out that the g-deformed Poincaré superalgebra should
be useful in g-deforming supersymmetric models. To this end, we reconsider eq. ([.23) and
contract it with the Pauli matrix (6#)ss. In doing so we obtain

Pt = (6")45[Q°Q° + ¢ B 5 Q7 QY]
= [(6")ap Q“Q" + ¢7*(0") 32 Q°Q*]. (5.1)

Notice that the second equality in (f.]) holds due to (see ref. [59))
(0")par = a(6")as R oo (5:2)
From (B.1]) we get the supersymmetric Hamiltonian

H=P'=[(6%5Q°Q" + ¢ 2(0°)55 Q°Q"]
_ [_ V2 0'Q? + ¢2 020!
L2 QIQ2 - 32 QQQI]. (5.3)
The conjugation properties of Q% and Q% imply

H=P'=pP'=H, (5.4)

i.e. our g-deformed supersymmetric Hamiltonian is a real operator. It should also be
mentioned that H does not commute with the supersymmetry generators, since we have

POQI — qleIPO P0Q2 — q71Q2P0
PQ = 4@'P, PQ? = (P, (5:5)
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A. Invariant tensors of g-deformed quantum spaces

The aim of this appendix is the following. For the quantum spaces under consideration we
list the non-vanishing components of the quantum metric and the totally antisymmetric
tensor.

The non-vanishing elements of the two-dimensional spinor metric have the values

f2 g2 2 2 (A1)
The spinor metric is antisymmetric in a g-deformed sense and its inverse is given by
(e = g; = —€Y. (A.2)
The non-vanishing elements of the three-dimensional Euclidean quantum metric are
g ==a0, ¢¥=1 gt=-¢" (A.3)
For its inverse gap we have
ga = g*P. (A.4)
The non-vanishing components of the three-dimensional g-deformed epsilon tensor take
the form
73 = ¢4, St = g2,
e — g2, et 3= g2,
e = g2 eI,
33 = g2 (A.5)

The elements of the lower indexed epsilon tensor we get from the identification
EABC = gCBA, (A.6)

Next we come to four-dimensional g¢-deformed Euclidean space. Its metric has the
non-vanishing components

gi=q"t P=g%=1 ¢M=q¢ (A7)

Its inverse is denoted by g,, and fulfills
Juv = g'wj- (AS)
The non-vanishing components of the epsilon tensor of four-dimensional g-deformed

Euclidean space are

81234 51432 — _ 2 82413 _ 2

=1, q-, =—q,
234 — g g4132 _ 2 4213 — o3
81324 — _1’ 53412 — q2’ 82341 — _q2’
63124 =g, 64312 — —C]3, £304] = q2,
£2814 _ 2. g2 — 2431 — o3
63214 — _q2’ 62143 — q2’ 64231 — _q4’
81342 =q, 51423 — q2’ 83421 — _q3’
63142 — _q2’ 64123 — —C]2, 64321 — q4, (A.9)
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together with the non-classical components
£3282 2828 _ 2y (A.10)
The quantum metric of g-deformed Minkowski space is given by
W=-1, 9¥=1 77" =-¢ n=-¢", (A1)

with inverse
77/117/ = 77;“/. (A.12)

As non-vanishing components of the corresponding epsilon tensor we have

e30- — 1 et=03 = g2 £3H0 — =2
30— — g2, et — 2, e73H0 — 4
et — L0-H3 — 2, S0+ — g2
O3 — . e0H8 — g2 08—+ — 2,
30— — 472, 30— 1 230+ -2
£03+- — 42 30 — 42, e300+ — g4
£t0-3 — 472, e+30 — 72, O3+ — 44
f0+3 — g2 e 30 — g2 g0+ — g4 (A.13)
and
070+ — g3y e70H0 — 473y,

0383 _ _ =2y 3330 _ (=2

3083 — 4 =2y 3030 — =2

3303 _ _ =2 gt0-0 — _ 71y

g0303 — =2, 00— — 471\ (A.14)

Lowering the indices of the epsilon tensor is achieved by the quantum metric. In this

manner we have, for example,

N

Epvpo = Nuw Tvv' Npp' Nloo’ gtV e, (A.15)

B. g-Analogs of Pauli matrices and spin matrices

In this appendix we collect some essential ideas from ref. [fd] concerning g-deformed
spinor calculus. _

Let us recall that the Pauli matrices tell us how to combine two spinors %, Z° to form
a four-vector X*:

2 2
Xt= 3" a0 Xr= Y 2%(0")asa’. (B.1)
a=1, =1 a=1, =1
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In order to express tensor products of two spinor components by vector components we

use so-called inverse Pauli matrices:

%28 = X“(U*I)aﬁ

p %z = XH(5,1)%8, (B.2)

I

Explicitly, the g-deformed Pauli matrices are given by

(a) (three-dimensional Euclidean space)

+\ L 1/241/2 00 -\ . 1/241/2 10

(0%)ap = <(1) g) ; (B.3)

(b) (four-dimensional Euclidean space)

10 00
<al>a5=<00>, <02>a3=<10),

(03)aﬁ. _ <8 (1)) , (04)04/3 _ (8 (1)) ’ (B.4)
(¢) (Minkowski space)

00 —1/2 0 ¢'/2
(0+)a5:<0q>7 (03)0{5’:(])\_,_/ <q1/2 E

_—1/2
(07 )ap = (g 8) : (0%)05 = A1 "? (qP/Q qO ) . (B.5)

In the case of three-dimensional g-deformed Euclidean space and g-deformed Minkow-

ski space we have
(@ )55 = ¢ (BT 55(0") (B.6)

where (R—l)aﬁ'% denotes the inverse of the R-matrix for U, (su(2)) [cf. eq. (2-44)]. For four-
dimensional g-deformed Euclidean space, however, o* does not differ from ¢*. Finally, the
entries of the inverse Pauli matrices are determined by the orthogonality relations

(M), 1) =00y, (@)ap(a, ) = 0%, (B.7)

In analogy to the undeformed case the g-deformed two-dimensional spin matrices are
defined by

(Juy)aﬁ = (Pa)" ia(0")aa €dd/(5)\)d/g/ 6/3/5,

()7 = (P 0 (00 (0") g 2, B3)
—_ _ 2 _ 131 _ 5

(U;wl)aﬁ = (Pa)™ v €aar (0, 1)a 7 5[3/[3(‘7)\ 1)667

(G )a” = (Pa)™ uweaer (6, epp(ay )PP, (B.9)

Note that P4 stands for g-analogs of antisymmetrizers.
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C. Explicit form of the ¢g-deformed spin Casimir operators

Four-dimensional Euclidean algebra:

871W2 — )\72AI_1(P1P4 +qP2P3)

— AT?PPPY (K Ky + KK

— TP PY KKy + K Kyt — ¢TI KD)

+ AN 'PPY (K KL — KKy L)

+ M P'PA(K KoL — K KoL)

+ g\ HP*PUK(Ky — Ky VLT + PPPY(Ky — K; YKL Ly)

— (P’P3K Kyt + ¢ 'P'PY K K) LT Ly

— (P’P3K[ 'Ky + ¢ 'P'P*K  Ky) L Ly

— ¢ Y(PY)K\KyL L + (P?)*K KoLy L

+ (P*)?K KoL Ly — q(PY?K KoL Ly

— ¢ ANP'P’K KoL L7 LY + P' PP K Ko LT L L)

— ¢ 'NP*P'K KoLy L Ly + PPPYK KoL LT Ly)
¢ NP PPK KoLy L L Ly .
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